We reveal that the electron-phonon system as modeled by the Holstein model on a bipartite lattice exhibits, away from half filling, a supersolid (SS) phase characterized by coexisting charge order (CO) and superconductivity (SC), and an accompanying quantum critical point (QCP). The SS phase, demonstrated by the dynamical mean-field theory with a quantum Monte Carlo impurity solver, emerges around the peak of the Tc dome between the BCS and BEC regimes, while both in the weak-and strong-coupling regimes the CO/SC boundary is of first order with no intervening SS phases. The QCP is associated with the continuous transition from SS to SC with diverging charge fluctuations. We show that the SS/SC transition is hallmarked by a peaked kink in the superfluid density and that CO exhibits a reentrant behavior near the QCP. Introduction-The competition between off-diagonal long-range order (ODLRO) and diagonal long-range order (DLRO) is an issue of central interest in various classes of strongly correlated systems [1] [2] [3] [4] [5] [6] [7] . An important question is whether ODLRO and DLRO can coexist and whether there exist associated quantum critical points (QCPs). Specifically, the phase may be called a supersolid state (SS) when a DLRO as a charge order (CO) and an ODLRO (superfluidity or superconductivity (SC)) coexist. SS phases have been investigated in bosonic systems, typically liquid helium [2], but also in boson-fermion mixtures [3] and spin systems [4] . In electron systems, related phenomena have been observed. For example, it has been recently found that a compound in the iron-based superconductor family, BaFe 2 (As 1−x P x ) 2 , exhibits a QCP accompanied by a non-Fermi liquid behavior, which separates SC and a phase in which SC and antiferromagnetism (AF) coexist [5] . For the cuprate superconductors, the possible existence of coexisting phases and QCP are intensively discussed in relation to the pseudogap [6, 7] .
Introduction-
The competition between off-diagonal long-range order (ODLRO) and diagonal long-range order (DLRO) is an issue of central interest in various classes of strongly correlated systems [1] [2] [3] [4] [5] [6] [7] . An important question is whether ODLRO and DLRO can coexist and whether there exist associated quantum critical points (QCPs). Specifically, the phase may be called a supersolid state (SS) when a DLRO as a charge order (CO) and an ODLRO (superfluidity or superconductivity (SC)) coexist. SS phases have been investigated in bosonic systems, typically liquid helium [2] , but also in boson-fermion mixtures [3] and spin systems [4] . In electron systems, related phenomena have been observed. For example, it has been recently found that a compound in the iron-based superconductor family, BaFe 2 (As 1−x P x ) 2 , exhibits a QCP accompanied by a non-Fermi liquid behavior, which separates SC and a phase in which SC and antiferromagnetism (AF) coexist [5] . For the cuprate superconductors, the possible existence of coexisting phases and QCP are intensively discussed in relation to the pseudogap [6, 7] .
An important class of materials that provide an arena for competition between ODLRO and DLRO is a family of strongly-correlated electron-phonon systems with relatively large phonon energies and phonon-mediated attractive interactions comparable with the electronic bandwidth. A coexistence of s-wave SC and CO has been reported and discussed for Ba(Bi,Pb)O 3 and (Ba,K)BiO 3 [1] . The alkali-doped fullerenes [8] also accommodate the competition s-wave SC, AF. Although there are phenomenological arguments for explaining the coexistence of different phases [1, 9] , a full understanding based on a microscopic model has yet to come.
In this paper, we focus on the Holstein model on a bipartite lattice away from half filling to address the question whether SS phases and QCPs exist in such a simplest possible model for electron-phonon systems, without additional complexities (e.g., lattice frustrations or longrange interactions), and what their characteristic properties would be. There is in fact a long history for studies on strongly-coupled electron-phonon systems based on the Holstein(-Hubbard) model [10] [11] [12] [13] [14] [15] [16] [17] [18] . The model is known to favor CO at half filling, while a SC phase emerges away from half filling [10] [11] [12] [13] [14] [15] . However, what happens around the boundary of CO and SC has not been fully investigated. Ref. [10] studied the model in one dimension and showed that there is a coexisting region of SC and CO in the sense of a quasi-ordered phase in 1D. In Ref. [15] , ordered states are dealt with in the strong-coupling limit, but the possibility of phase separation has not been considered.
Here we employ, for a systematic investigation of the ordered phases in the Holstein model, the dynamical mean-field theory (DMFT) [19] [20] [21] with a continuoustime quantum Monte Carlo method (CTQMC, hybridization expansion) as an impurity solver [18, [22] [23] [24] . We shall show that a SS phase indeed emerges in the intermediate-coupling regime, where the peak of the T c dome is located. The transition from SS to SC turns out to be continuous with diverging charge fluctuations, which suggests the presence of a QCP at T = 0. We also show that the phase transition is hallmarked by a peak in the superfluid density. Further, the charge order exhibits a peculiar reentrant behavior around the QCP. Curiously, the SS appears only in the intermediate coupling regime, which is consistent with weak-and strong-coupling perturbative calculations [25, 26] .
Model -We consider the Holstein model, where i, j are site indices, c † iσ creates an electron at site i with spin σ, b † i creates a phonon with frequency ω 0 at site i, t is the hopping parameter between nearest-neighbor sites, n iσ the number of electrons, µ the chemical potential, and g the electron-phonon coupling. The effective static phonon-mediated attractive interaction between electrons is −λ ≡ −2g 2 /ω 0 . Here, we focus on the regime where ω 0 is comparable to the electronic bandwidth W . This situation is realized in carbon based compounds such as alkali-doped fullerenes or the recently found aromatic superconductors [30] . In the DMFT calculation, we employ a Bethe lattice with infinite coordination, which has a semi-circular density of states, ρ 0 (ǫ) = (4/πW ) 1 − (2ǫ/W ) 2 so that we use W/4 as the unit of energy. We consider s-wave SC and staggered CO as ordered phases. The order parameters are, respectively, Φ SC = 1 N i c i↓ c i↑ and Φ CO = |n A − n B |/4, where N is the total number of lattice sites, and A and B denote sublattices. The phase boundaries are identified by the onsets of these order parameters. Green's functions are collected on a grid of N τ = 4·10
3 points in the DMFT+CT-QMC calculations. Results-The main result of our paper is the DMFT+CT-QMC phase diagram away from half filling, displayed in Fig. 1 for λ = 3 with ω 0 = 4. Panel (a) plots the phase boundaries as a function of the chemical potential µ and panel (b) as a function of the electronic filling n. Notably, we find, in both panels, a SS region between SC and CO in which the order parameters Φ SC (an ODLRO) and Φ CO (DLRO) are both nonzero. Since this SS phase appears in a finite region even on the µ axis, it should be robust against external fields or phase separation into SC and CO. We have confirmed the existence of the SS phase for smaller values of ω 0 such as ω 0 = 2. The phase boundaries between SS/SC and SS/CO are of second order as discussed below. In both of µ-T and n-T phase diagrams, the SS region widens as temperature decreases. For T → 0, the SS phase appears at a nonzero value of µ (≈ 0.145), which corresponds to n = 1 (half filling), so that the SS phase appears upon small doping from half filling. The continuous transition between SS and SC at finite temperatures suggests that this boundary ends at a QCP at T = 0. We also note that the SS region is located below the CO phase (see Fig. 1(a)(b) ), and that in the filling range 0.43 < n − 1 < 0.6, the CO order Φ CO emerges and then disappears as temperature decreases. This behavior is qualitatively different from the phase diagram of BaFe 2 (As 1−x P x ) 2 [5] , where the SC+AF phase appears below both SC and AF.
To have a closer look at the behavior near the SC/CO boundary, we plot the order parameters in Fig. 2 against µ (panel (a)) and against n (panel (b)), along with n vs µ (panel (c)) for λ = 3, ω 0 = 4, and the inverse temperature β = 35. In the SS phase between SC and CO (0.149 µ 0.156), both Φ SC and Φ CO are indeed nonzero. Panel (c) indicates that the compressibility, ∂n/∂µ is highly enhanced in the SS. More importantly, SS and SC are not only continuously connected, but the static charge susceptibility χ Q at Q = (π, π), whose inverse is plotted in Fig. 2(d) , diverges like 1/(n − n c ) at the the critical value n c that corresponds to the SC/SS boundary. This divergence confirms the second-order nature of the phase transition. Here the susceptibility is computed by applying a small staggered external field H ext = δµ (N A − N B ) , where N A,B = i∈A,B n i , with δµ = 2 × 10 −4 for SS and δµ = 5 × 10 −4 for SC. Another interesting quantity is the London penetration depth λ L , because the superfluid density is proportional to λ
. Here χ J,J (ν) is the current-current correlation function, c the speed of light, e the elementary charge and the lattice constant set to be unity. The general form of χ J,J (iν n ) applicable to SC, SS and CO is given in the supplement. The behavior of λ −2 L in the SC and SS phases is shown in Fig. 2(d) . We find that the boundary of SC and SS exhibits a kink (maximum) in λ −2 L . This means that, in SC, the superfluid density increases toward the half filling (n − 1 = 0) because the DOS of the free system increases favoring SC, while in SS, CO component increasing to- ward half filling weakens SC.
At the boundary between CO and SS, the order parameters also appear to be continuously connected, see Fig. 2 . This suggests that the boundary between CO and SS is of second order as well. While the CO solution can be extended to larger fillings by suppressing SC, this solution becomes unstable against an introduction of a small SC component in the SS region. That the SS is more stable than CO can be understood as follows. The free energy is Ω(T, µ) = −T ln[Tr exp(−βH)] and N −1 ∂Ω(T, µ)/∂µ = − n . Since the SS and CO solutions are continuously connected at the critical µ, and the SS solution has a larger filling than the CO solution for a given µ (Fig. 2(c) ), it follows that the SS is lower in free energy. Now we display the phase diagram against the phononinduced attractive interaction λ and chemical potential µ in Fig. 3(a) for ω 0 = 4, β = 35. The SS region is widest around λ = 3, while we find no SS phase for λ = 2 nor for λ = 4.5. We argue that the SS phase and associated QCP emerge only in the intermediate-coupling regime characterized by the peak of the T c dome (which roughly corresponds to the BCS-BEC crossover region [34] ). In fact, if we look at the λ-dependence of the transition temperatures for SC and CO at half filling (Fig. 3(b) ), we find the peaks of the T c domes are located around λ ≃ 3 for both of SC and CO at ω 0 = 4. We also plot the transition temperatures as a function of filling in Fig. 3(c) . We can see that λ = 3 has indeed the highest transition temperature at ω 0 = 4, independent of filling. At this intermediate coupling (λ ∼ 3), a metal-insulator crossover occurs in the normal phase as one changes λ. At λ = 3, we observe that the dc conductivity (Reσ(0)) increases with increasing temperature, as indicative of an insulating behavior, in the whole range of the doping [ Fig. 1(b) ]. On the other hand, the metallic behavior shows up at λ = 2.5 for all doping (not shown). An insulating behavior at λ = 3 is also evident in the spectral functions derived from the Maximum entropy method in Fig. 3(d) , which exhibits a pseudogap-like structure with a dip between the well developed bands in the density of states around ω = 0. We note that the correlation among the SS region, the peak of T c dome and the metal-insulator crossover point holds even for lower ω 0 such as ω 0 = 2, where all of them moves to smaller λ.
The absence of the SS phase in the weak-(λ ≤ 2) and strong-coupling (λ ≥ 4) regimes is consistent with perturbation theories. In the weak-coupling regime, we employ the second-order weak-coupling expansion as an impurity solver for DMFT (IPT), where we expand all the self-energy diagrams including the Hartree term up to second order in λ [29] . While the normal state of the Holstein model has been studied with DMFT in combination with weak-coupling approximations for the impurity solver [13, 14] , here we extend this to the ordered phases. Figure 4 (a) displays the IPT phase diagram and the variation of n with µ. We find that, between SC and CO, there is a first order transition with a hysteretic region (shaded in Fig. 4(a) ), where CO and SC are respectively stable DMFT solutions. The hysteretic region for the two solutions has been determined as follows. For SC, we use the local Green's function for µ as an initial input for µ − δµ (δµ = 0.001 here). For CO, we first derive a CO solution by suppressing SC, and then add a small anomalous part (Φ SC ∼ 0.002) to see whether it grows or vanishes. In these IPT calculations, we have found no stable self-consistent SS solution, but it always converges to either SC or CO. We have checked that the same conclusion holds for even smaller interactions (e.g., λ = 1) and is confirmed by other perturbative approximations such as the conserving Hartree-Fock approximation [13] and the second-order conserving approximations [14] .
On the other hand, if one performs a 1/λ expansion around the strong-coupling limit (λ → ∞), the leading-order effective model becomes an XXZ model with nearest-neighbor exchange coupling [25, 26] ,
Here, J 1 and J 2 are functions of g and ω 0 . In the limit of infinite spatial dimensions (d → ∞), J 1 and J 2 scale as 1/d and the mean-field solution of the effective spin system becomes exact. The result of the mean-field analysis is shown in Fig. 4 (b) , where we have numerically solved the self-consistency equation. At T = 0, the result is consistent with Ref. [28] : there is no finite SS region if one plots the phase diagram against µ (an external field in the spin model). Precisely at µ = (zJ 2 /2) 1 − (J 1 /J 2 ) 2 , where z is the coordination number, the SC, CO and SS phases become all degenerate. While this may seem to indicate a SS region if one plots the phase diagram against n [15, 27] , this occurs only at a single point on the µ-axis, so that the SS is expected to be fragile against external perturbations and/or against phase separation into SC and CO. At non-zero temperature, there is a tiny but finite hysteretic region where the solutions converge to either SC or CO [ Fig. 4(b) ] with no intervening stable SS solutions. We have checked this by adding small perturbations to the self-consistent solutions. We thus conclude that neither the weak-coupling nor the strong-coupling approximations predict a SS phase in the corresponding regimes.
Since, near the optimum region (λ = 3) for the SS, the normal state shows an insulating behavior, we can discuss the stability of the SS phase in the strong-coupling framework. It is known that the higher-order terms in the strong-coupling expansion lead to longer-range exchange interactions as well as four spin terms in the effective spin model [26] . While the details should depend on the value of the parameters, it is known that longer-ranged exchange interactions can favor SS [28] , which provides an explanation for the appearance of the SS solution in the intermediate coupling regime.
Conclusion -We have investigated the ordered phases in the Holstein model in bipartite (i.e., non-frustrated) lattices away from half filling with DMFT+CT-QMC. We have focused on the unconventional region where λ and ω 0 are comparable to the bandwidth W . Our study revealed the existence of a supersolid phase in the intermediate-coupling regime. The phase diagram contains a QCP which separates the SS and SC phases. The SS phase is located entirely below the CO phase, and the phase transition from SC and SS is characterized by a downward (upward) kink in the London penetration depth (superfluid density). The absence of a stable SS phase in the weak-and strong-coupling regimes has been confirmed by perturbative analyses. Our results suggest that phenomena related to the SS phase and associated QCP may be explored in carbon-based compounds, some of which belong to the unconventional parameter regime considered here. Further comparison with the related problem of AF+SC should help to understand the competition and coexistence of DLRO and ODLRO.
